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f***^ , Abstract. The aim of this paper is to prove new uncertainty principles for an integral operator 

■ T with a bounded kernel for which there is a Plancherel theorem. The first of these results is an 

extension of Faris's local uncertainty principle which states that if a nonzero function / £ L 2 (M. d , fi) 
is highly localized near a single point then T(f) cannot be concentrated in a set of finite measure. 
The second result extends the Benedicks-Amrein-Berthier uncertainty principle and states that a 
nonzero function / £ L 2 (R d ,/i) and its integral transform T(f) cannot both have support of finite 
\Q • measure. From these two results we deduce a global uncertainty principle of Heisenberg type for the 

transformation T. We apply our results to obtain a new uncertainty principles for the Dunkl and 
Clifford Fourier transforms. 
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1. Introduction 



Uncertainty principles are mathematical results that give limitations on the simultaneous concen- 
tration of a function and its Fourier transform. They have implications in two main areas: quantum 
physics and signal analysis. In quantum physics they tell us that a particle's speed and position cannot 
both be measured with infinite precision. In signal analysis they tell us that if we observe a signal 
only for a finite period of time, we will lose information about the frequencies the signal consists of. 
■ There are many ways to get the statement about concentration precise. The most famous of them 

is the so called Heisenberg Uncertainty Principle [29] where concentration is measured by dispersion 
and the Hardy Uncertainty Principle [26] where concentration is measured in terms of fast decay. A 
\^ \ little less known one consists in measuring concentration in terms of smallness of support. A con- 

siderable attention has been devoted recently to discovering new formulations and new contexts for 
the uncertainty principle (see the surveys [4, 23] and the book [27] for other forms of the uncertainty 
principle). 

Our aim here is to consider uncertainty principles in which concentration is measured either by 
k>( ■ (generalized) dispersion like in Heisenberg's uncertainty principle or by the smallness of the support. 

The transforms under consideration are integral operators T with polynomially bounded kernel JC and 
for which there is a Plancherel Theorem and include the usual Fourier transform, the Fourier-Bessel 
(Hankel) transform, the Fourier-Dunkl transform and the Fourier-Clifford transform as particular 
cases. 

Let us now be more precise. Let fi, O be two convex cones in W l (i.e. Xx £ £1 if A > and 
x G O) with non-empty interior. We endow them with Borel measures \x and j5. The Lebesgue 
spaces L p (fl, /i), 1 < p < oo, are then defined in the usual way. We assume that the measure /i is 
absolutely continuous with respect to the Lebesgue measure and has a polar decomposition of the 
form d/i(r£) = r 2 " -1 dr Q(() dcr(£) where da is the Lebesgue measure on the unit sphere S d_1 of K d 
and Q £ L 1 (S d_1 , d<r), Q ^ 0. Then /i is homogeneous of degree 2a in the following sense: for every 
continuous function / with compact support in Q and every A > 0, 



(1.1) //(!) Mx) = \ 2a Jj(x)Mx) 

We define a accordingly for fi and assume that a = a. 
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Next, let JC : O x — > C be a kernel such that 

(1) K, is continuous; 

(2) K is polynomially bounded: \lC(x,^)\ < c r (l + |a;|) m (l + 

(3) /C is homogeneous: K(Xx, £) = K,(x, A£). 

One can then define the integral operator T on 5(0) by 

(1.2) T(/)(0 - / /(a;)/C(x,OdM(x), £ G 0. 

Jn 

For p > 0, we define the measures d/x p (a;) = (1 + \x\) p du.(x) and d/x p (£) = (1 + |£|) p d^(£). Then T 
extends into a continuous operator from L^Q, /x TO ) to 

Cft(fi) = |/ continuous s.t.U/H^- := sup J^J^ < °° j • 

Further, if we introduce the dilation operators V\,T>\ 7 A > 0: 

then the homogeneity of /C implies 

(1.3) TV x = ViT. 

Also, from the fact that /z, /I are absolutely continuous with respect to the Lebesgue measure, these 
dilation operators are continuous from (0, oo) x L 2 (0,^ p ) -resp. (0, oo) x L 2 (0,/z p )- to L 2 (0, /x p ) 
-resp. L 2 (£l, flp). 

The integral operators under consideration will be assumed to satisfy some of the following propri- 
eties that are common for Fourier-like transforms: 

(1) T has an Inversion Formula: When both f G L x (0, ^i m ) and T(f) G L 1 (f2,/Im) we have 
f G C m (fi) and 

f(x) = T-^TUW) = f T(fmWJjdm, 
Jn 

(2) T satisfies Plancherel's Theorem: for every f G 5(0), ||T(/)|| i2 (Q p\ = ||/|lL 2 (n ^ n 

particular, T extends uniquely to a unitary transform from L 2 (0, fi) onto L 2 (0, fi). 1 

This family of transforms include for instance the Fourier transform and the Fourier-Dunkl trans- 
form. We will also slightly relax the conditions to include the Fourier-Clifford transform. We will 
here concentrate on uncertainty principles where concentration is measured in terms of dispersion or 
in terms of smallness of support. Our first result will be the following local uncertainty principle that 
we state here in the case m = fh = for simplicity: 

Theorem A. 

Assume m = fh = 0. Let £ C ft be a measurable subset of finite measure < ju(S) < oo. Then 

(1) if < s < a, there is a constant C such that for all / G L 2 (Q, u), 

(2) if s > a, there is a constant C such that for all f G £ 2 (0, fi), 



This condition implies a = a. 
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This theorem implies that if / is highly localized in the neighborhood of 0, i.e. the dispersion 
II l a: | S ^IL 2 (n ii) ^kes a small value, then T(f) cannot be concentrated in a subset E of finite measure. 
We can refer to [22, 39, 40, 41] for the history of these uncertainty inequalities. 

Another uncertainty principle which is of particular interest is: a function f and its integral trans- 
form T(f) cannot both have small support. In other words we are interested in the following adapta- 
tion of a well-known notion from Fourier analysis: 

Definition. 

Let S C fi, E C f2 be two measurable subsets. Then 

• (5, E) is a weak annihilating pair 2 if, supp / C S and supp T(f) C E implies f = 0. 

• (5, E) is called a strong annihilating pair if there exists C — C(S, E) such that for every 

(i-4) ii/ii^n,,) < c(ii/ii v,,) + n r (/)ii 

where A c is the complementary of the set A in il or SI. The constant C(S, E) will be called the 
annihilation constant of (S, E). 

Of course, every strong annihilating pair is also a weak one. To prove that a pair (S, E) is a 
strong annihilating pair, it is enough to shows that there exists a constant D(S, E) such that for all 
/ e L 2 (Sl, supported in S 

(1-5) \\f\\Un^) < D(S,mT(f)\\ 2 L ^ fiy 

The qualitative (or weak) uncertainty principle has been considered in various places [2, 3, 13, 21, 
30, 33, 35, 42]. Our main concern here is the quantitative (or strong) uncertainty principles of the 
form (1.4). In his paper [16], de Jeu proved a quite general uncertainty principle for integral operators 
with bounded transform. This result states that if 5, E arc sets with sufficiently small measure, then 
(S, E) is a strong annihilating pair. One is thus lead to ask whether any pair of sets of finite measure 
is strongly annihilating. 

In the case of the Fourier transform, this was proved by Amrein-Berthier [1] (while the weak 
counter-part was proved by Benedicks [3]). It is interesting to note that, when / 6 L 2 (R d ) the 
optimal estimate of C, which depends only on Lebesgue's measures \S\ and |E|, was obtained by F. 
Nazarov [38] (d = 1), while in higher dimension the question is not fully settled unless either 5* or E is 
convex (see [32] for the best result today). For the Fourier-Bessel/Hankel transform, this was done by 
the authors in [25] . Our main result will be the following adaptation of the Benedicks- Amrein-Berthier 
uncertainty principle: 

Theorem B. 

Let S C fi, E C ri be a pair of measurable subsets with < H2m(S), ^2rn(E) < oo. Then there exists 
a constant C(S, E) such that for any function f e L 2 (£l, /j,), 

\\J lli 2 (f2,M) 

For the Fourier transform the proof of this theorem in stated in [1] where the translation and the 
modulation operators plays a key role. Our theorem include essentially integral operators for which 
the translation operator is not explicit (the Dunkl transform for example) or does not behave like the 
ordinary translation (the Fourier-Bessel transform for example). To do so we will replace translation 
by dilation and use the fact that the dilates of a C -function are linearly independent (see Lemma 
3.4). 

Finally, from either Theorem A or Theorem B we will deduce the following global uncertainty 
inequality: 



'see also the very similar notion of Heisenberg uniqueness pairs [28] . 



4 



SAIFALLAH GHOBBER AND PHILIPPE JAMING 



Theorem C. 

For s, (3 > 0, there exists a constant C s ,p such that for all f £ L 2 (fl, n), 



In particular when s = (3 = 1 wc obtain a Heisenberg uncertainty principle type for the transfor- 
mation T. 

The structure of the paper is as follows: in the next section we will prove the local uncertainty 
inequality for the transformation T . Section 3 is devoted to our Bencdicks-Amrcin-Bcrthier type 
theorem and in Section 4 we apply our results for the Dunkl and the Clifford Fourier transforms. 



Notation. Throughout this paper we denote by (., .) the usual Euclidean inner product in M. d , wc 
write for x £ R d , \x\ — \J (x, x) and if S is a measurable subset in M d , we will write \S\ for its Lebesgue 
measure. 

Finally, S d_1 is the unit sphere on M. d endowed with the normalized surface measure da. 

We will write c(T) (resp. c(s, T)...) for a constant that depends on the parameters a, m, m and cj- 
defined above (resp. to indicate the dependence on some other parameter s...). This constants may 
change from line to line. 



2. Local uncertainty principle 



Local uncertainty inequalities for the Fourier transform were firstly obtained by Faris [22], and they 
were subsequently sharpened and generalized by Price and Sitaram [39, 40]. Similar inequalities on 
Lie groups of polynomial growth were established by Ciatti, Ricci and Sundari in [10] which is based 
on [41] and further extended in [36] 

First from the polar decomposition of our measure we remark that 



(2.6) 



c i(»)~ Tl^r <00 ' 0<s<a; 

. f du(x) 

) : = / < 
Jn 



s > a. 



In (1 + M) 2s 
Theorem 2.1. 

Let T, £ fl be a measurable subset of finite measure < ^2m(S) < oo. Then 
(1) if < s < a, there is a constant c(s,T) such that for all f £ L 2 (fl,fi), 



(2.7) 



l|T(/)|| 



L 2 (E,£) 



< < 



c(s,T) 

< 


A*2ffi(S) 


c(s,T) 


M2m(S) 



2(a + m ) 



M7I 



L 2 (n, M ) 



N7I 



, i/M2m(£)<l; 
iffi 2 fh(Z) > 1; 



(2) if a < s < a + m then, for every e > there is a constant c(s, T, e) such that for all 
f£L 2 (fl,u), 



l|T(/)|| 



L 2 (E,£) 



< 



C(S,T,S) M2r»(S) 
C(S,T,S) ^2rn(S) 



2(l + m /a) £ ,| ,|l_| +e ..|_ e 



I. fl 



t 2 (0,/i) 



N7I 



L 2 (O lAI )' 



«/jU2m(S) > 1; 



(3) if s > m + a, there is a constant c(s, T) such that for all f £ L 2 (Q, //), 



(2.8) 



l|T(/)ll 



L 2 (£,£) 



< < 



c(s,T) M2rn(S) ||/ 
c(s,T) M2m(S) 



iiL 2 (n,^)ir 
f IL 2 (n, M2s ) 



*I7| 



i 2 (f2,At)' 



if m = 0; 



otherwise. 
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Proof. As for the first part take r > and let Xr = Xnn{|x|<r} an d Xr = 1 — Xr- We may then write 

IIHf)llz/»(E,p) = l|T(/)xs|lx,=(S,p) ^ ll'7"(/Xr)xs|li,2 ( n ; p ) + IITCfxr)!^^), 
hence, it follows from Plancherel's theorem that 

Now we have 

l|r(/x,)IL ; ™ < c T \\f Xr \\ LHn ^ m) <cr||kr s (i + kl) m xr|| L2(ni/l) ||N7|| L2(niM) 



Il/Xr|li,2( n ^ < |||a;| XrHioo^jllkl /|Il2 (0 ^ = r ||M /|| i 2( f2iAt ) ) 



Il 2 (o,^)- 

On the other hand, 

-s II |„|S 



so that 

\\T(f)\\ W) < (r- s +2c rv ^W(l + rrr a -^ 2ffi (S) 1 /2)||| x |7|| i2(OAi) . 

If //2m (S) > 1 we take r = /i 2 m(S) _1 / 2a < 1 (thus (1 + r) m < 2 m ) to obtain that there is a constant 
C depending only on s and T such that 

< Cfcrn(Xy/ 2a \\\x\ S f\\ LW 

If M2m(S) < 1 we take r = /t 2 m(£)~ 1/2(a+ro) > 1 (thus (1 + r) m < 2 m r m ) to obtain that there is a 
constant C depending only on s and T such that 

iit(/)ii L 2 (E)P) < cn 2 ^y^ a+ ^\\\x\ s f\\ LHa ^. 

Next, take 0<cr<a<s<a + m, apply the first part with a replacing s and then apply the 
classical inequality 

iiNviL 2(n> rt ^c-^^ii/iii-^iii^r/iil^n^- 



As for the last part we write 

1 (fJ,Mn 



IIT(/)II L 2 (E , P) < /W^IIUf)!!^ < crfemCS) 1 / 2 !!/!!^ 



Moreover 

(i + ixin/(x)idMx)' 



lz,!(^.M m ) 



= ^(i + |.T|)-(—)(i + Nn/( a; )|d M (x) 

< C 2 (s-m) f (l + \x\) 2s \f(x)\ 2 d»(x). 
Jn 



Further, if m = 0, then this last inequality implies 

WfWl^ < 2 2s c 2 ( s )(||/|| 2 L2(aAl) + UNVIlL^). 

Replacing / by 2?a/, A > in this inequality, gives 

||/|£i ( o lM) < 2 2s C 2 (s) (\- 2a \\f\\l 2{ ^ +A 2 ^||N7|| 2 L 2(n„ t) ) • 
Minimizing the right hand side of that inequality over A > 0, we obtain the desired result. □ 

We now show that local uncertainty principle implies a global uncertainty principle type for T. 
For sake of simplicity, we will assume that m = fh = 0. The general case will be treated in the next 
section. 
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Corollary 2.2. 

Assume that m = fh = 0. For s, (3 > 0, s ^ a there exists a constant C — C(s, (3, T) such that for all 

feL 2 (Q^) 7 

(2-9) INVITO,,) \Wt\ fi nf)\\%M * c \\fh w 

Proof. In this proof, we will denote by B r — VL n {x : \x\ < r} and B£ = Q \ B r . 
Let < s < a and (3 > 0. Then, using Plancherel's theorem and Theorem 2.1 (1), 

ii/iiW^) - wnml^.p) = wnnwl^) + \\n.f)\\l W) 

The desired result follows by minimizing the right hand side of that inequality over r > 0. 
For s > a and (3 > we deduce from Plancherel's theorem and Theorem 2.1 (3) that 

n/iiW^) = \\nf)\\l H n fi) = \\T(f)\\i W) + \\n.f)\\i W) 

( 2 - 10 ) < c ( s ^ 2 H/||^|,,)M(^)||kl7||g (n>At) + l|T(/)|| 2 L2(B c, w . 

But, using Plancherel's theorem again, 

\\n.f)\\l W) < iin/)iil( B c, w iir(/)ii 2 L -| P) = iiuniiS^ii/ii 2 ^!,,) 

so that, in (2.10), we may simplify by ||/|| L 2(q ^ to obtain 

ll/llS(n^) < c( s ,r) 2 M(Br)||N7||g (ai;i) + ||r(/)||| (B e iW . 

< c'^^r^llNVIlg^+r-^lll^n/)!!^^. 

The desired result follows by minimizing the right hand side of that inequality over r > 0. □ 

Inequality (2.9) has been obtained by Cowling and Price [12] for the Fourier transform on R d and 
later generalized in [36] for any pair of positive self-adjoint operators on a Hilbert space. In particular 
when s — (3 — 1 we obtain a version of Heisenbcrg's uncertainty principle for the operator T. Moreover 
if the function / G L 2 (0, /i) is supported in a subset S of finite measure one can easily obtain bounds 
on 7~(/) that limit the concentration of T{f) in any small set and may provide lower bounds for the 
concentration of T(/) in sufficiently large sets. For instance we have this simple local uncertainty 
inequality : if / is supported in a set S with finite measure H2m(S) < oo, then 

iiHf)iil W) < ^(^iinniiL^^^^ii/iiL^) 

(2.11) < 4 M2m (S)£ 2a (£)||/||| 2(n ^, 

which implies that the pair (S, S) is strongly annihilating provided that ^2m{S)fl2fh{^) < cf- 2 - In the 
next section we will prove this result for arbitrary subsets S and £ of finite measure. 



3. Pairs of sets of finite measure are strongly annihilating 

In this section we will show that, if S C ft, £ C f2 are sets of finite measure < H2m(S), /2 2 m(S) < 
oo, then the pair (5*, S) is strongly annihilating for the operator T- In order to prove this, we will 
need to introduce a pair of orthogonal projections on L 2 (tt,/i) defined by 

Esf = Xsf, = T-'EvT, 

where S C O and Sc!l are measurable subsets. 

We will need the following well-known lemma (see e.g. [25, Lemma 4.1]): 
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Lemma 3.1. 

If\\E s FE\\ := WEsFvW^n^mn^) < 1, then 

(3-12) WfWUn,,) < (1 - II^F S ||)- 2 (ll^c/Hl,^ + HiWHl^ 

Unfortunately, showing that 1 1 .E's 1 1 < 1 is in general difficult. However, the Hilbert-Schmidt 
norm H-Es-FsllffS is much easier to compute. Let us illustrate this fact by showing that, if S and S are 
subsets with sufficiently small measure then the pair (S, S) is strongly annihilating. We can deduce 
this result easily from (2.11), but we will give here another proof that we will use later. 

Lemma 3.2. 

If M2m(i5)£(2m(£) < Cj 2 , then for all function f e L 2 (f2,/z), 

ll/lliw) < (i-WM2 m (^2™(s)) _2 (ii/iii 2(SSAl) + iir(/)iii 2(Ec ^). 

Proof. We have, for./ G L 2 (^), \T{f){n)\ < Cr (l+|£|)" l ||/|U m thus if £ 2r7l (£) < °o, Xn(v)T(f)(v) G 
L 1 (f2,/Ia). The Inversion Formula for T thus gives 

^sFs/(y) = Xs(y) / XE(r?)T(/)(77)^Md/i(?7) 
Jo 

= Xs f{x)tC(x, r]) dfi(x)j JC(y,n) dp(r]) 



f(x)J\f(x,y) dn(x), 

Jn 

where 



/ 



= xs(y) / Xs(v)^(x,r])IC(y,r])dfl{r]) 
Jn 

J n 

= X5(y)r-Mxs(-)/c(y,-)] (S). 

Here we appealed repeatedly to Fubini's theorem which is justified by the fact that /i 2 m(S) < oo and 
K is bounded by c r (l + |z|) m (l + 

This shows that EsF% is an integral operator with kernel A/". But, with Plancherel's theorem, 

= Jjxs(y)\ 2 QjT- 1 [ X z(-Wyr)](x)\ 2 d^ d M (y) 
= X lxs(y)l (jfi 

lxs(??)/C(?;,?7)| 2 d/i(?7)^ d/i(y) 

since |/C(y,??)| < c r (l + |y|) m (l + It follows that the Hilbert-Schmidt normof£ s F s is bounded: 

(3-13) H^eIIhs = WWmn^m^) < crV^miS)^^)- 

Now using the fact that ||^sFs|| < H^sFeIIhs, we obtain 

\\E S Fe\\ < C T V^m(S)fi2fh{^). 

It follows from Lemma 3.1 that 

(3-14) ll/lll^) < (l - CTy/K m (S)fofnM) ~ 2 (\\E S cf\\ 2 L2{n ^ + HiWHi^)) • 
Plancherel's theorem then gives ||-Fs c /|||2(^ M ) = ||7"(/)||^2( S c p) which allows to conclude. □ 
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Remark 3.3. 

Let S, £ be two sets with ^2m{S), /Z2m(£) < oo. Let £1,62 > 0. Assume that there is a function 
f £ L 2 (0,/j) with \\f\\L 2 (n.fj,) = 1 that is e\- concentrated on S, i.e. ||-Es c /||l 2 (si,^) < £1 cmd £2- 
bandlimited on £ /or i/ie transformation T, i.e. H-Fec/Hz, 2 ^,^) < £2- 

T/ien either ^2m(5')M2m(E) > c^ 2 or we may appfo/ Inequality (3.14) and obtain 



1 - C T \j H2m (S) M2rn(E) < \J e\ + E%. 

In both cases, we obtain 

(3.15) M2m(S)M2m(£) > ^ - ^? + £ 

which is Donoho- Stark's uncertainty inequality for the integral operator T. This inequality improves 
slightly the result of de Jeu [16] . In the case of the Fourier transform, it dates back to Donoho and 
Stark [17] in a slightly weaker form and to [31] to the form (3.15). 

Before proving our main theorem, we will now prove the following lemma which results directly 
from a similar result in [25] for functions in Co(M + ). 

Lemma 3.4. 

Let f be a function in L 2 (f2,/z) and assume that < ^(supp /) < oo. Then the dilates {T>\f}\ >0 are 
linearly independent. 

Proof. Let ( £ § d_1 R and consider 

V" 1 / 2 /^), fort>0; 



/c(*) 



0, for t < 0. 



For C £ § d_1 n fl c , we just define f c = 0. 

Then, there exists £ such that f^ £ L 2 (R) and < |supp/J < oo, in particular, f^ £ L 1 (M). Indeed 
the first property holds for almost every £ since 

\f c (t)\ 2 dtQ(0)da(9) = \\ff L2{n ^<^. 



As for the second one, notice that 



„2a-l . 

/ supp /^n[i,oo) 



|supp/c| < |[0,1]|+ [ 

J su 

Integrating with respect to Q(() da(() we get 

|supp/ c |Q(C)do-(C) < ||<9|| L i( S <i-inn) + M ( SU PP f ^ {\ x \ > 1}) < oo. 



/ 



We thus proved that Isupp,/^ < oo for almost every £. Finally, |supp/^| > on a set of £'s of positive 
do" measure, otherwise the support of / would have Lebesgue measure 0, thus ^-measure zero. 

Now assume that we had a vanishing linear combination of dilates of /: 
(3.16) a if( x / X i) = °- 

finite 

Then, for t > and the above ( 

finite x x x finite 



where we have set = oti\°[ 1 ^ 2 . Thus 



E &/c(*A0 = 0. 

finite 
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Taking the Euclidean Fourier transform J 7 , we obtain 

finite 

But, as G L 1 (M), it follows from Riemann-Lebesgue's Lemma that ^F(f^) G Co(K). It remains to 
invoke [25, Lemma 2.1] to see that the dilates of T(f^) are linearly independent so that the /3j's thus 
the ai's are 0. □ 

We can now state our main theorem: 
Theorem 3.5. 

Let S C Q, S C O be a pair of measurable subsets with < /J,2m(S), //2m(^) < oo. T/ien any function 
f G L 2 (Q,n) vanishes as soon as f is supported in S and T(f) is supported in E. In other words, 
(S, E) is a weak annihilating pair. 

Proof. We will write Es n for the orthogonal projection onto the intersection of the ranges of E$ 
and Fy. and we denote by Imf the range of a linear operator V . 

First we will need the following elementary fact on Hilbcrt-Schmidt operators: 

(3.17) dim(Im£ s nlmF s ) = \\E s r\F^f HS < \\E s F s f HS . 
Since H2m(S), //2m(S) < oo, from Inequality (3.13) we deduce that 

(3.18) dim(ImS s nlmF E ) < oo. 

Assume now that there exists f ^ such that S ■— supp/ an d E := suppT(/o) have both 
finite measure < //2m(So), //2m(So) < thus also //(So) < oo so that Lemma 3.4 applies. 

Next, let Si (resp. Ei) be a measurable subset of (resp. 0) of finite measure < //2m(Si) < oo 
(resp. < //2m (Si) < oo), such that So C Si (resp. E C Ei). Since for A > 0, 

//2m (Si U AS ) = HXASo - XSillz,2(n )M2m ) + (XAS 0J XS 1 ) L 2 (o ^ 2m) , 

the function A i-> //2m(Si U ASo) is continuous on R + \{0}. The same holds for A i-> /i 2 m(^i U AE ). 
From this, one easily deduces that, there exists an infinite sequence of distinct numbers (Aj)°^ C 

oo oo ^ 

M+\{0} with A = 1, such that, if we denote by S = (J XjSq and E = (J — E , 

3=0 3=0 j 

V2m{S) < 2/z(S ), // 2m (E) < 2// 2m (E ). 
We next define = T>\ t fo, so that supp/i = AiSo G S. Since T(/») = A"~ a £>_LT(./b), we have 
suppT(/i) = £E CE. 

As supp/o has finite measure, it follows from Lemma 3.4 that (/i)£o are linearly independent 
vectors belonging to (ImEs H ImFs), which contradicts (3.18). □ 



Remark 3.6. 

The theorem can be extended to operators T that take their values in a finite dimensional Banach 
algebra. 

The proof given here follows roughly the scheme of Amrein-Bcrthicr's original one in [1]. It can 
obviously be adapted so as to replace dilations by actions of more general groups on measure spaces. 
The main difficulty would be to prove that this action leads to linearly independent functions as in 
Lemma 3.4. As we have no specific application in mind, we refrain from stating a more general result. 

A simple well known functional analysis argument allows us to obtain the following improvement 
(see e.g. [4, Proposition 2.6]): 

Corollary 3.7. 

Let S C ft, E C fi be a pair of measurable subsets of finite measure, < //2m (S), //2m (S) < oo. Then 
there exists a constant C(S, E) such that for all f G L 2 (0,/i), 



li a(n , M) <C(S,E)(||/|| + I|T(/)||! 2(ES?) ). 



10 



SAIFALLAH GHOBBER AND PHILIPPE JAMING 



Proof. Assume there is no such constant D(S, S) such that for every function / G L 2 (Q, //) supported 
in S, 

\\I\\W^<D{S^W{f)\\l^r,y 
Then, there exists a sequence /„ G L 2 (f2,/i) with ||/n|| £l 2(Q ^ = 1 and with support in S such that 
\\E^ a T(f n ) \\l2(q converge to 0. Moreover, we may assume that /„ is weakly convergent in L 2 (fl,/i) 
with some limit /. As T(/ n )(0 is the scalar product of /„ and EstC(-, £), it follows that T(f n ) converge 
to T(/). Finally, as \T(f n )(£,)\ 2 i s bounded by Cj-(i,2 m (S)(l + £|) 2m , we may apply Lebesgue's theorem, 
thus EzT(fn) converges to E^T(f) in L 2 (Q,j2). But we have supp/ C S and supp T(.f) C £ so by 
Theorem 3.5, / is 0, which contradicts the fact that / has norm 1. □ 

Now we will show a global uncertainty inequality type for the transformation T. But this time we 
will use Corollary 3.7 and the proof here is simpler than that using the local uncertainty principle and 
not necessary with the same constant. 

Corollary 3.8. 

Let s, ft > 0. Then there exists a constant C — C(s, /?, a) such that for all f € L 2 (fl, /it), 
(3-19) INVllSL) U\*T(f)\\% p) > C\\f\\l w 

Proof. Let B x = ft n {x : \x\ < 1} and B x = n {£ : |£| < 1}. Let B{ = O \ Si and B{ = O \ Si. 
From Corollary 3.7 there exists a constant C = C(B\, B{) such that 

\\f\\h^)<c(\\f\\h { Bi^ + wn.f)\\ 2 L2(S ,, P) )- 

It follows then 

wnhiw < ^(llNviiL^^ + ni^n/)!!^^^) 

< ^(HN S /|lL(a„) + lll^(/)||L ( o ;P) )- 
Replacing / by £>>/ in the last inequality we have by (1.3) 

( 3 - 2 °) pxfwlw) ^ c (\h v ^\\U^ + m^^j(f)\\l ( r m ) > 

which gives 

ll/lll^a^^^^lkivllL^+A-^ih^n/)!!^^). 

The desired result follows by minimizing the right hand side of that inequality over A > 0. □ 

Let us notice that Theorem 3.5 is valid in the L 1 -version. Precisely we have the following proposi- 
tion: 

Proposition 3.9. 

Let S C Cl, S C fi be a pair of measurable subsets with < fJ,2m{S), fam^) < °°- Suppose 
f G i 1 (r2,^„ l ) (in particular f G L 1 ^, fi)) verifies supp / G S and suppT(/) G S, then f = 0. 

Proo/. If / G L 1 (f2, /i TO ), then (1 + |£|)-" l T(/) G L°°(fi,/i). Then 

lin/)ll il( a fe) = IIXET(/)|| il(5ife) < fem(E)|(l + |£|)-™T(/) 

This implies that T(/) G 1^(0, £„), thus (1 + \x\)-"\f G L°°(f2, /i). Finally, 

11/11 = ^(i + kD^I/^ll/WKi + NrdM^) 

< l|(i + N)- m /|| i o. (n; , ) ll/ll il( o„ m )<oo, 

hence / G £ 2 (ft, /i). By Theorem 3.5 we have / = 0. □ 
The same argument as the one used in the proof of Corollary 3.7 gives the following result : 



< oo. 
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Proposition 3.10. 

Let S C O, £ C SI be a pair of measurable subsets with < H2m{S),fi2fh(^) < oo. Then there exists 
a constant D(S, S) such that for all function f 6 L 1 ^, ^) supported in S, 

\\fhw,,*) < D{s,x)\\T(f)\\ L ipc t n. 

4. Examples 

4.1. The Fourier transform and the Fourier-Bessel transform. 

Let dfi(x) = (2ir)~ d / 2 dx the Lebesgue measure and T = T the Fourier transform. For / G 
L 1 (R d , /li) n L 2 (R d , /u), the Fourier transform is defined by 



Hf)(0 = I f{x)e-^d^{x), £e 



and is then extended to all L 2 (R d ,fi) in the usual way. In this case we take cj- = 1, a = d/2 and 
m = m = 0. Then (3.15) is Donoho-Stark's theorem [17, 31], Corollary 3.7 is Amrein-Berthier's 
theorem [1] while the local and the global uncertainty principles for the Fourier transform date back 
respectively to [39, 40] and [12]. Note that our proof of Theorem 3.5 is inspired by the one established 
in [1] where we replace translation by dilation. 
If f(x) = /o(|x|) is a radial function on M. d , then 

•^/XO = 2 <*/2-ir(rf) i hW^-itW dt = ^/2-i(/o)(iei), 

where Td/2-1 is the Fourier-Bessel transform of index d/2 — 1. For a > —1/2, j a is the Bessel function 
given by 

j a (x) = 2 Q I> + 1)^M : =r(a + l)Y , rf-V", 

where T is the gamma function. 

We have \j a \ < 1 and if we denote dfi a (x) = 2 °r(a+i) x2a+1 dx, then for / e L 1 (R + ,/j, a ) n 
L 2 (R + ,^ Q ), the Fourier-Bessel (or Hankel) transform is defined by 



/>OC 

Mf)(0= / f(x) Ja (xOdfi a (x), 
Ja 



and extends to an isometric isomorphism on L 2 (R+,^ Q ) with T a 1 = T a - Theorem A and Theorem 
B has been stated in [25] for this transformation. Moreover we have the following two new results. 

Theorem 4.1 (Donoho-Stark's uncertainty principle for J- a ). 

Let S, £ be a pair of measurable subsets o/R+ and a > —1/2. If f 6 L 2 (R+,^ Q ) of unit L 2 -norm is 
E\- concentrated on S and e^-bandlimited on £ for the the Fourier-Bessel transform, then 

(4.21) // Q (SK(£) > + arid |5||S| > c Q - ^ e\ + e 2 ) , 

w/iere c Q is a numerical constant that depends only on a. 

This result improves the estimate in [37] (which has already improved [49]) showing that, if / of 
unit L 2 -norm is ei-concentrated on S and £2-bandlimited on S, then 

\S\\n>c'Jl-e 1 -e 2 ) 2 . 
Theorem 4.2 (Global uncertainty principle for J- a ). 

For s, j3 > 0, there exists a constant C s ,/3,a such that for all f e i 2 (R + ,/i Q ), 

2/3 2s 

ll^/lli^R+^o) l|£ -^Oi (/) || i^flR+ ;iM . Q ) ^ Cs,/3,a||/|ll,2( R + i([ia ). 

The case when s = (3 = 1 has been established in [5, 45] with the optimal constant Ci,i, Q = a + 1. 
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4.2. The Fourier-Dunkl transform. 

In this section we will deduce new uncertainty principles for the Dunkl transform. Uncertainty 
principles for this transformation have been considered in various places, e.g. [43, 47] for a Heisenberg 
type inequality or [24] for Hardy type uncertainty principles and recently [11, 34] for a generalization 
and a variant of Cowling-Price's theorem, Beurling's theorem, Miyachi's theorem and Donoho-Stark's 
uncertainty principle. 

Let us fix some notation and present some necessary material on the Dunkl transform. Let G be 
a finite reflection group on R d , associated with a root system R and R + the positive subsystem of R 
{see [15, 19, 46]). We denote by A: a nonnegative multiplicity function defined on R with the property 
that k is G-invariant. We associate with k the index 

7 := 7 (fc) = £ HO > 
and the weight function w k defined by 

m*)= n K^>i 2fe(o - 

Further we introduce the Mehta-type constant c k by 

Cfe = ( / e~ ] ^~ dnk(x) 

\jR d 

where 3 d/j, k {x) — w k (x)dx. Moreover 

L-> MX) MX) = 27+^4( 7 + rf/2) = dk - 

By using the homogeneity of w k it is shown in [46] that for a radial function / £ L 1 (R d ,iik) the 
function / defined on R+ by f(x) = /(|x|), for all x £ R d is integrable with respect to the measure 
r 27+d ~ 1 dr. More precisely, 

/ f(x)w k (x)dx = I [ I w k (ry)da(y) ) f(r)r d ~ 1 dr 

(4.22) = d fc / Jiry 2 ^ 4 - 1 dr. 

Introduced by C.F. Dunkl in [18], the Dunkl operators Tj, 1 < j < d on M. d associated with the 
reflection group G and the multiplicity function k are the first-order differential-difference operators 
given by 

where / is an infinitely diffcrcntiablc function on R d , ^ = ej), (ei,...,ed) being the canonical 
basis of R d and denotes the reflection with respect to the hyperplane orthogonal to £. 

The Dunkl kernel JC k on R d x R d has been introduced by C.F. Dunkl in [19]. For y £ R d the 
function x i-> K, k {x, y) can be viewed as the solution on W 1 of the following initial problem 

Tju(x,y) = yju(x,y); 1 < j < d, u(0,y) = l. 

This kernel has a unique holomorphic extension to C d x C d . M. Rosier has proved in [44] the following 
integral representation for the Dunkl kernel 

K k (x,z)= [ e^^d^ k x {y), x £ R d , zeC d ; 




we chose here to stick to the notation that is usual in Dunkl analysis rather than that of the previous section in 
which /j, k is simply denoted by fj,. 
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where fj,^ is a probability measure on R d with support in the closed ball B\ x \. We have (see [44]) for 
all A e C, z, z' E C d and x, y £ R d 



tC k (z,z') = tC k (z',z), K, k (\z,z') = lC k (z,\z'), K k (-iy,x) = )C k (iy,x), \K, k (-iy,x)\ < 1. 

The Dunkl transform T k of a function / <G L 1 (R d ,^ k ) n L 2 (M. d ,^i k ) which was introduced by C. F. 
Dunkl (see [15, 20]), is given by 

?k(f)(0~c k f JC k (-it,x)f{x)dn k (x), CeM d ; 

and extends uniquely to an isometric isomorphism on L 2 {R d ,^ k ) with -^/T (/)(£) = J- k (f)(~0- 

The Dunkl transform ~F k provides a natural generalization of the Fourier transform T, to which it 
reduces in the case k = 0, and if f(x) = f(\x\) is a radial function on M. d , then 

w)(0=^ +d /2-i(7m\), 

where J-^+d/2-i is the Fourier-Bessel transform of index 7 + d/2 — 1. 

Now if we take cj- — c k , a = 7 + d/2 and m = fh = 0, then from Section 2 and 3 we obtain a new 
uncertainty principles for the Dunkl transform T k . 

Theorem 4.3 (Donoho-Stark's uncertainty principle for T k ). 

Let S, £ be a pair of measurable subsets ofM. d . If f £ L 2 (M. d ,fi k ) of unit I? -norm is E\- concentrated 
on S and e^-bandlimited on £ for the Dunkl transform, then 

(4.23) MSW(£)>Cfc 2 (l-yjel+e£) . 

Note that the Donoho-Stark's uncertainty principle has recently been proved in [34] for the Dunkl 
transform but our inequality (4.23) is a little stronger. 

Let us now state how our results translate to the Fourier-Dunkl transform. These results are new 
to our knowledge. 

Theorem 4.4. 

Let S, £ be a pair of measurable subsets ofR d with finite measure, < t l k(S), Mfc(£) < 00. Then the 
following uncertainty principles hold. 

(1) Local uncertainty principle for T k : 

(a) For < s < 7 + d/2, there is a constant c(s, k) such that for all f £ L 2 (R d , [i k ), 

ll^fcl/Olli^E,^) < c(s,fc)^ fc (S)J ^ +d \\\x\ s f\\ L 2 {Md ^ k) . 

(b) For s > 7 + d/2, there is a constant c'(s, k) such that for all f £ L 2 (R d , [i k ), 

(2) Benedicks- Amrein-Berthier's uncertainty principle for T k : 
There exists a constant C k (S,T,) such that for all f £ L 2 (R d , n k ), 

ll/lli a( R-, Mlb )<C fc (5,E)(||/||i a(SeiW) + ||Ji t (/)||i a(E c iW) ). 

(3) Global uncertainty principle for T k : 

For s, f3 > 0, there exists a constant C Si p, k such that for all f £ L 2 (R d , n k ), 

llMVlliapR'*,^.) ||l£l ^k(f)\\lV( M d ^ k) > C s J, k \\f\\ L 2^d^ k y 



A simple computation shows that 



(s,k) = - 2l+ /, ^^(2 1 + d-2s)d k 



27 + d - 2s 



c k 



2s 



2-l + d 
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and 



c'(s,k) = c k 



2-, + d -i -| 1/2 

d k ( 2s \ ^ _ / 27 + d\ ( 2 7 + cP 



2 7 + rf \2~f + d ) \ 2s J V 2s 



-1 r r 1- 



In the particular case s = = 1 for the global uncertainty principle, we recover Heinsenberg's 
inequality for the Dunkl transform but with Ci l i ) / c <7 + d/2, where 7 + d/2 is the optimal constant 
in the Heisenberg uncertainty principle given in [43, 47]. 

4.3. The Fourier- Clifford transform. 

Let us now introduce the basics of Clifford analysis that are needed to introduce the Fourier- 
Clifford transform. Facts used here can be found e.g. in [7, 9]. We also follow as closely as possible 
the presentation of Clifford analysis from [8, 14]. 

Throughout this section d > 2 will be a fixed integer and the measure dfj,(x) = d/x(x) = (27r)~ d / 2 d:r 
is the Lebesgue measure on R d . We first associate the Clifford algebra (7Zo,d(C) generated by the 
canonical basis ej, j = l,...,d. For A = {j u j 2 , . . . ,jk} C {l,...,d} with j 1 < j 2 < ■ ■ ■ < jk, 
we denote by = ej 1 ej 2 ■ ■ ■ ej k . The basis of the Clifford algebra is then given by £ — {e^, A C 
{1, . . . , d}\. The Clifford algebra is then the complex vector space generated by £ endowed with the 
multiplication rule given by 

(i) e0 = 1 is the unit element 

(ii) e 2 = -1, j = l,...,d 

(iii) e 3 e k + e k e 3 = 0, j, k = 1, . . . , d, j ^ k. 

Conjugation is defined by the anti-involution for which ej = —ej, j = 1, . . . , d with the additional 
rule i — —i. 

The scalars are then identified with span {eg} while we identify a vector x = (xi, . . . , Xd) with 

d 

x = e j x j- 
i=i 

The product of two vectors splits into a scalar part and a bivector part 

m = -(x,y) +xAy 

and 

d d 

^ A y = Yl e 3 e k{Xjyk -XkVj). 

j=l k=i+l 

Note that x 2 = -\x\ 2 . 

The functions defined in this section are defined on R d and take their values in the Clifford algebra 
CZo,d(C). We can now introduce the so-called Dirac operator, a first order vector differential operator 
defined by 

d 

dx_ ^ ^ d x j ej . 

Its square equals, up to a minus sign, the Laplace operator on R d , d 2 = —A. The central notion 
in Clifford analysis is the notion of monogenicity, the higher-dimensional analogue of holomorphy: a 
function is called (left)-monogenic if dxf = 0. 

We will denote by Mk the space of all spherical monogenics of degree k, that is, homogeneous poly- 
nomials of degree k that are null-solutions of the Dirac operator. We fix a basis {M^}t=i,2,...,dimM h of 
Mk- Further, the Laguerre polynomials are denoted by L". We then consider the following functions, 
called the Cliff ord-Hermite functions 



(4 24 tPw{x) = j W L] +k '\\x\ 2 )Mi e \x)e'^ 2 / 2 

^•+i,M(2) - l2^i.^f\\^)xM { k e \x)e-\^l 2 ' 
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where j, k G N and I G {1, . . . , dim M.k\. Provided the 7j,fc,/s are properly chosen, this is an or- 
thonormal basis of L 2 (M. d ) (see [6]). 

Next, introducing spherical coordinates in M. d : x — ruj_, r = \x\ € M + , uj_ G S> d ~ 1 , the Dirac operator 
takes the form 

= oj(dr + -Fx) 

where 

d d 

T = x/\dx = ^2 e j e k{xjd Xk - x k d Xj ) 

j=i k=j+i 

is the so-called angular Dirac operator. 

We are now in position to define the Clifford-Fourier transforms on 
three equivalent ways: 



This can be done in 



(A-|3^T2r) 



/; 



via an integral kernel 

,[f](v) = [ mK^x^d^x) 

JR d 

where K±(x,rf) = e id % e^e'^'i) ; 
- via its eigenfunctions 

F±bhj,k,t] = (-l) j+k (Tl) k Tp2j,k,e and F±[i> 2j +i,k,e} = i d (-l) j+1 {Tl) k+d ~ W,*- 
The third definition immediately shows that _F± extend to unitary operators on L 2 (R d ,/i). 
The fact that the integral operator definition makes sense on 5(R d ) and that the kernel of the inverse 

transform is indeed K±(x, 77) has been proved respectively in [14, Theorem 6.3 and Proposition 3.4]. 
Finally, the kernel is not known to be polynomially bounded, excepted when the dimension d is 

even [14, Theorem 5.3] and then 

\K(x,ri)\ < C(l + \x\) {d -VI 2 {l + H)^ 2 )/ 2 . 

Thus m = m = (d - 2)/2, c r = C and a = d/2. 

It remains to notice that all results from the first part of the paper extend with no change to 
Clifford-valued functions. More precisely, we obtain the following results: 

Theorem 4.5. 

Let d be even and dv(x) = (1 + \x\) d ~ 2 d/x(x). Let S , £ be a pair of measurable subsets o/R d . Then 
the Clifford- Fourier transform satisfies the following uncertainty principles. 

(1) Donoho-Stark's uncertainty principle for T±: 

If f G L 2 (W. d ,fi) of unit L 2 -norm is E\- concentrated on S and E2-bandlimited on £ for the 
Clifford- Fourier transform, then 

2 



y{S)y(Y.) > C~ 



1 



(2) Local uncertainty principle for J-±: 

//£ is subset of finite measure < ^(S) < 00 , then 

(a) for < s < d/2, there is a constant c(s) such that for all f G L 2 (R d ,^i), 



ll^±(/)ll W) < 



\c(s) 




[c(s) 


'«/(£)" 



\ x \'f\\L*<R',,*y ifv(E)>l; 
(b) for d/2 < s < d — 1 then, for every e > there is a constant c(s, e) such that for all 



feL 2 (R d ,ri, 



ll^±(/)ll 



£ 2 (s,m) 



< 



| c(s,e) 


'iz(E)' 


[c(s,e) 





4(l-l/d) " 



7+e 



/' 1 1 ^ 2j Ml I s -f 1 1 "2s" ^ 

11^(^,^)11 1^1 •'llL 2 (R d , M )' 



ijV(£) < 1; 

tfi/(£) >i; 
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(c) for s > d — 1, there is a constant c'(s) such that for all f £ L 2 (M. d , fi), 

ll^±(/)ll^) < c'(s)[v(Z)Y\\(l + |z| s )/|| i2(MV) . 

(3) Benedicks- Amrein-Berthier's uncertainty principle for J-±: 

If S, X are subsets of finite measure < v(S), ^(S) < oo ; then there exists a constant C(S, S) 
such that for all f G L 2 (R d , [i), 

wnw**) ^ c (^ s )(n/ni 2 (^,M) + \\F±(f)\\ 2 w,,))- 

(4) Global uncertainty principle for F±: 

For s, (3 > 0, there exists a constant C St p such that for all f £ L 2 (M. d , n), 

28 2 s ^ 

II 1^1*/* || i^oad,^) ||l£l ^±(f)\\^lmd !fl ) > C s j3\\f\\ L2 ( Rd ^y 



References 

[1] W. O. Amrein & A. M. Berthier. On support properties of L p -functions and their Fourier transforms. J. Funct. 
Anal. 24 (1977), 258-267. 

[2] D. Arnal & J. Ludwig Q.U.P. and Paley Wiener properties of unimodular, especially nilpotent, Lie groups. Proc. 

Amer. Math. Soc. 125 (1997), 1071-1080. 
[3] M. Benedicks On Fourier transforms of functions supported on sets of finite Lebesgue measure. J. Math. Anal. 

Appl. 106 (1985), 180-183. 

[4] A. Bonami & B. Demange A survey on uncertainty principles related to quadratic forms. Collect. Math. 2 (2006) 
Vol. Extra, 1-36. 

[5] P.C. Bowie Uncertainty inequalities for Hankel transforms. SIAM J. Math. Anal. 2 (1971), 601-606. 

[6] F. Brackx & N. De Schepper & K. I. Kou & F. Sommen The Mehler formula for the generalized Clifford- Hermite 

polynomials. Acta Math. Sinica 23 (2007), 697-704. 
[7] F. Brackx & R. Delanghe & F. Sommen Clifford analysis. Pitman Publishers, Boston-London-Melbourne (1982). 
[8] F. Brackx & N. De Schepper & F. Sommen The Clifford- Fourier transform. J. Fourier Anal. Appl. 11 (2005), 

669-681. 

[9] F. Brackx & F. Sommen & V. SOUCEK Clifford algebra and spinor-valued functions . Kluwer Academic Publishers, 
Dordrecht (1992). 

[10] P. Ciatti & F. RlCCl & M. Sundari Heisenberg-Pauli-Weyl uncertainty inequalities and polynomial volume growth. 

Adv. Math. 215 (2007), 616-625. 
[11] F. CHOUCHENE & R. Daher & T. Kawazoe & H. Mejjaoli Miyachi's theorem for the Dunkl transform. Integral 

Transforms Spec. Funct. 22 (2011), 167-173. 
[12] M. Cowling & J. F. Price Bandwidth versus time concentration: the Heisenberg-Pauli-Weyl inequality. SIAM J. 

Math. Anal. 15 (1984), 151-165. 
[13] M. Cowling & J. F. Price & A. Sitaram A qualitative uncertainty principle for semisimple Lie groups. J. Austral. 

Math. Soc. 45 (1988), 127-132. 
[14] H. De Bie & Y. Xu On the Cliff ord- Fourier transform. Int. Math. Res. Not. 22 (2011), 5123-5163. 
[15] M.F. E. DE Jeu The Dunkl transform. Invent. Math. 113 (1993), 147-162. 

[16] M. F. E. DE Jeu An uncertainty principle for integral operators. J. Funct. Anal. 122 (1994), 247-253. 
[17] D. L. Donoho & P. B. Stark Uncertainty principles and signal recovery. SIAM J. Appl. Math. 49 (1989), 906-931. 
[18] C. F. Dunkl Differential-difference operators associated to reflection groups. Trans. Amer. Math. Soc. 311 (1989), 
167-183 

[19] C. F. Dunkl Integral kernels with reflection group invariance. Can. J. Math. 43 (1991), 1213-1227. 

[20] C. F. Dunkl Hankel transforms associated to finite reflection groups, in Proc. of Special Session on Hyper- 
geometric Functions on Domains of Positivity. Jack Polynomials and Applications (Tampa, 1991), Contemp.Math. 
138 (1992), 123-138 

[21] S. Echterhoff & E. Kaniuth & A. Kumar A qualitative uncertainty principle for certain locally compact groups. 

Forum Math. 3 (1991), 355-369. 
[22] W. G. Faris Inequalities and uncertainty inequalities. J. Math. Phys. 19 (1978), 461-466. 

[23] G. B. Folland & A. Sitaram The uncertainty principle — a mathematical survey. J. Fourier Anal. Appl. 3 (1997), 
207-238. 

[24] L. Gallardo & K. Trimeche An L p version of Hardy's theorem for the Dunkl Transform. J. Aust. Math. Soc. 
77 (2004), 371-385. 

[25] S. Ghobber & Ph. Jaming Strong annihilating pairs for the Fourier-Bessel transform. J. Math. Anal. Appl. 377 
(2011), 501-515. 

[26] G.H. Hardy A theorem concerning Fourier transforms. J. London. Math. Soc. 8 (1933), 227-231. 

[27] V. Havin & B. JORICKE The uncertainty principle in harmonic analysis. Springer- Verlag, Berlin, (1994). 



UNCERTAINTY PRINCIPLES FOR INTEGRAL OPERATORS 



17 



[28] H. Hedenmalm & A. Montes-Rodrguez Heisenberg uniqueness pairs and the Klein-Gordon equation. Ann. Math. 
173 (2011), 1507-1527. 

[29] W. Heisenberg Uber den anschaulichen Inhalt der quantentheo-retischen Kinematik und Mechanik. Z. Physik. 43 
(1927), 172-198. 

[30] J. A. HOGAN A qualitative uncertainty principle for unimodular groups of type I. Trans. Amcr. Math. Soc. 340 
(1993), 587-594. 

[31] J. A. HOGAN & J. D. Lakey Time-frequency and time-scale methods. Adaptive decompositions, uncertainty prin- 
ciples, and sampling. Appl. Numer. Harmon. Anal. (2005) Birkhauscr Boston, Inc., Boston, MA. 

[32] Ph. Jaming Nazarov's uncertainty principles in higher dimension. J. Approx. Theory. 149 (2007), 30-41. 

[33] E. Kaniuth Qualitative uncertainty principles for groups with finite dimensional irreducible representations. J. 
Funct. Anal. 257 (2009), 340-356. 

[34] T. KAWAZOE & H. Mejjaoli Uncertainty principles for the Dunkl transform. Hiroshima Math. J. 40 (2010), 
241-268. 

[35] G. Kutyniok A weak qualitative uncertainty principle for compact groups. Illinois J. Math. 47 (2003), 709-724. 
[36] A. Martini Generalized uncertainty inequalities. Math. Z. 65 (2010), 831-848. 

[37] T. MOUMNI & A. Karoui Fourier and Hankel bandlimited signal recovery. Integral Transforms Spec. Funct. 21 
(2010), 337-349. 

[38] F. L. Nazarov Local estimates for exponential polynomials and their applications to inequalities of the uncertainty 
principle type. (Russian) Algebra i Analiz 5 (1993), 3-66; translation in St. Petersburg Math. J. 5 (1994), 663-717. 
[39] J.F. Price Inequalities and local uncertainty principles. J. Math. Phys. 24 (1983), 1711-1714. 
[40] J. F. Price Sharp local uncertainty principles. Studia Math. 85 (1987), 37-45. 

[41] J. F. Price & A. SlTARAM Local uncertainty inequalities for locally compact groups. Trans. Amer. Math. Soc. 308 
(1988), 105-114. 

[42] J.F. Price & A. SlTARAM Functions and their Fourier transforms with supports of finite measure for certain 

locally compact groups. J. Funct. Anal. 79 (1988), 166-181. 
[43] M. Rosler An uncertainty principle for the Dunkl transform. Bull. Austral. Math. Soc. 59 (1999), 353-360. 
[44] M. ROSLER Positivity of Dunkl 's intertwining operator. Duke Math. J. 98 (1999), 445-463. 

[45] M. ROSLER & M. Voit An uncertainty principle for Hankel transform. Proc. Amer. Math. Soc. 127 (1999), 
183-194. 

[46] M. ROSLER. & M. Voit Markov processes with Dunkl operators. Adv. in Appl. Math. 21 (1998), 575-643. 
[47] N. Shimeno A note on the uncertainty principle for the Dunkl transform. J. Math. Sci. Univ. Tokyo. 8 (2001), 
33-42. 

[48] K.T. Smith The uncertainty principle on groups. SIAM J. Appl. Math. 50 (1990), 876-882. 

[49] V. K. TuAN Uncertainty principles for the Hankel transform. Integral Transforms Spec. Funct. 18 (2007), 369-381. 

S. G: Departement de Mathematiques Appliquees, Institut Preparatoire Aux Etudes D'ingenieurs de 
Nabeul, Universite de Carthage, Campus Universitaire, Merazka, 8000, Nabeul, Tunisie 
E-mail address: Salfallah.Ghobberamath.cnrs.fr 

P. J: Univ. Bordeaux, 1MB, UMR 5251, F-33400 Talence, France. CNRS, 1MB, UMR 5251, F-33400 
Talence, France. 

E-mail address: Phlllppe.Jamlngau-bordeauxl.fr 



